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Vortex shedding from tandem cylinders
Md. Mahbub Alam1  · Mehdi Elhimer1 · Longjun Wang1 · David Lo Jacono2 · C. W. Wong1
Abstract
An experimental investigation is conducted on the ﬂow around tandem cylinders for ranges of diameter ratio d/D = 0.25–1.0, 
spacing ratio L/d = 5.5–20, and Reynolds number Re = 0.8 × 104–2.42 × 104, where d and D are the diameters of the upstream 
and downstream cylinders, respectively, L is the distance from the upstream cylinder center to the forward stagnation point 
of the downstream one. The focus is given on examining the eﬀects of d/D, L/d and Re on Strouhal number St, ﬂow struc-
tures and ﬂuid forces measured using hotwire, particle image velocimetry (PIV) and load cell measurement techniques, 
respectively. Changes in d/D and L/d in the ranges examined lead to ﬁve ﬂow regimes, namely lock-in, intermittent lock-in, 
no lock-in, subharmonic lock-in and shear-layer reattachment regimes. Time-mean drag coeﬃcient (CD) and ﬂuctuating 
drag and lift coeﬃcients ( C′
D
 and C′
L
 ) are more sensitive to L/d than d/D. The scenario is opposite for St where d/D is more 
prominent than L/d to change the St. The detailed facet of the dependence on d/D and L/d of CD, C
′
D
 , C′
L
 and St is discussed
based on shear-layer velocity, approaching velocity, vortex formation length, and wake width.
1 Introduction
Extensive studies have been carried out to investigate the 
ﬂow around and forces on circular cylinders. This is impor-
tant in many engineering applications, such as high-rise 
buildings or skyscrapers, chimney stacks, overhead power-
line bundles, submarine communication system, oil pipeline, 
and tube bundles in heat exchangers. The tandem cylinders 
in cross-ﬂow have particularly attracted considerable atten-
tion. This is not only because the knowledge of the ﬂow 
around tandem circular cylinders is fundamental to under-
stand the ﬂow around multiple cylinders in complex arrange-
ments but also because the ﬂow interference between the 
tandem cylinders causes wake-induced vibrations. This 
ﬂow conﬁguration is shown in Fig. 1 with the relevant geo-
metrical parameters. The nature of the ﬂow around tandem 
cylinders is highly dependent on the spacing between the 
cylinders (Alam et al. 2003; Sumner et al. 2010; Mahir and 
Altac 2008; Alam 2016), Reynolds number (Igarashi 1984; 
Alam 2014) and the ratio of the cylinder diameters (Mavri-
dou and Bouris 2012; Qin et al. 2017; Wang et al. 2017).
Zdravkovich (1977) classiﬁed the ﬂow around tandem 
identical diameter (d/D = 1.0) cylinders into three major 
regimes (extended body, reattachment, and coshedding), 
where d and D are the upstream and downstream cylinder 
diameters, respectively (Fig. 2). The extended body regime 
occurs at 0.5 < L/d < 1.0 (L is the distance between the center 
of the upstream cylinder and the forward stagnation point 
of the downstream cylinder), where the two cylinders are 
so close to each other that the free shear layers separating 
from the upstream cylinder (UC) overshoot the downstream 
cylinder (DC), and the ﬂow in the gap between the cylin-
ders is almost stagnant (Fig. 2a). The reattachment regime 
prevails at 1.0 < L/d < 3.5, where the shear layers separating 
from the UC reattach on the DC, while the ﬂow velocity in 
the gap is not stagnant but very small (Fig. 2b). The coshed-
ding regime appears at L/d > 3.5, where the shear layers roll 
up alternately in the gap between the cylinders, inducing a 
relatively large ﬂow velocity in the gap (Fig. 2d). There is a 
transition L/d range between the reattachment and coshed-
ding regimes, where both reattachment and coshedding 
ﬂows appear intermittently, switching from one to the other 
(Fig. 2c). The transition L/d is also called the critical or 
bistable ﬂow spacing.
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In the coshedding regime, the two cylinders of d/D = 1.0 
shed vortices separately at the same frequency (e.g., Iga-
rashi 1981, 1984; Alam et al. 2003; Alam 2016; Wang 
et al. 2017). Alam and Sakamoto (2005) identiﬁed that, 
for a given DC in the coshedding regime, a change in the 
UC cross-sections of the same characteristic width results 
in a diﬀerence in the shedding frequency of the UC, and 
the frequency of vortex shedding from the DC modiﬁes 
accordingly, adjusting itself to that of the UC. This phe-
nomenon is called “lock-in” (Sakamoto and Haniu 1988; 
Alam and Sakamoto 2005). Alam et al. (2003) measured 
Fig. 1  Geometrical parameters 
and deﬁnitions of symbols for 
tow tandem cylinders
D
d
L
x
y
x′
y′
Flow
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St and showed that the two cylinders shed vortices at the 
same frequency at least up to L/d = 10.
Most of the studies in the literature have been conducted 
for d/D = 1.0. Knowledge of the eﬀect of d/D on the ﬂow 
around the cylinders is scarce. In engineering applications, 
however, the two interacting bluﬀ bodies may have diﬀer-
ent sizes (d/D ≠ 1.0). The diﬀerence in the cylinder size 
induces diﬀerences in wake sizes, vortex sizes and vortex 
shedding frequencies of the two cylinders, further aggra-
vating the complexity of the ﬂuid dynamics. It is not clear 
how d/D ≠ 1.0 aﬀects the ﬂuid dynamics, in comparison with 
the case of d/D = 1.0. More speciﬁcally, for example, how 
a decrease in d/D from 1.0 will aﬀect ﬂow regimes, forces, 
and Strouhal numbers of the DC, for a given L/d. Only a few 
studies have however been dedicated to the case of d/D ≠ 1.0. 
The use of a small UC to decrease the drag on a larger DC 
was reported in several studies (Lee et al. 2004; Lesage and 
Gartshore 1987; Prasad and Williamson 1997). These works 
highlighted the occurrence of reattachment and coshedding 
modes depending on L/d, with a bistable ﬂow at the tran-
sition L/d. Signiﬁcant drag reduction was achieved in the 
reattachment regime because of the low pressure on the front 
surface of the DC due to a cavity ﬂow formed in the gap. 
The largest drag reduction was identiﬁed for a small d/D, for 
instance, a 25% reduction in time-mean drag occurring for 
d/D = 0.233 (Lee et al. 2004).
Hiwada et al. (1979) considered a smaller UC as a tur-
bulence generator for increasing the heat and mass transfer 
in the wake of the DC. They for d/D = 0.13–0.52 investi-
gated how the turbulence induced by the UC aﬀects the 
local heat transfer around the DC. The turbulence produced 
by the UC alters the boundary layer separation of the DC, 
hence increased heat transfer. Zhao et al. (2005) conducted a 
numerical simulation of the wake of two diﬀerent cylinders 
with d/D = 0.25 and found that the gap between the cylinders 
had a signiﬁcant eﬀect on the forces on the DC. A decrease 
in drag coeﬃcient was observed when the gap distance was 
increased from 0.05D to 1.0D. Igarashi (1982) identiﬁed 
reattachment, bistable and coshedding ﬂows for d/D = 1.47 
in a similar fashion to those for d/D = 1.0. The bistable ﬂow 
regime was shorter for d/D = 1.47 than for d/D = 1.0.
Baxendale et al. (1986) investigated the eﬀect of d/D 
(= 0.422–0.571) on the vortex shedding from the DC for 
L/d = 3.3 and 3.9, Re = 1.55 × 104 and 4.92 × 104. When 
d/D ≈ 0.5, the vortex shedding frequency of the DC was 
locked-in to the half of that of the UC. This phenomenon, 
called “subharmonic lock-in” here, was also observed in 
the case of a single cylinder subjected to a pulsating ﬂow. 
In this ﬂow, the upstream velocity is unsteady and varies 
periodically with a “pulsating” frequency. This frequency 
is in general diﬀerent from the Strouhal frequency (vortex 
shedding frequency) of the cylinder. When the pulsating fre-
quency is close to twice the Strouhal frequency of the DC, 
the vortex shedding frequency remains locked-on to half the 
pulsating frequency (Barnes and Grant 1983; Konstantinidis 
et al. 2003; Konstantinidis and Balabani 2008). In the case 
of a pulsating ﬂow, Konstantinidis et al. (2003) observed 
that the DC wake shares many characteristics with that of a 
transversely or inline oscillating cylinder. These include the 
shortening of the recirculation bubble and vortex formation 
length. The shortening is shown to be the largest when the 
subharmonic lock-in occurs.
Alam and Zhou (2008) at Re = 450 and 2.72 × 104 for a 
ﬁxed L/d = 5.5 studied the eﬀect of d/D (= 0.24–1.0) on the 
vortex shedding frequencies from both cylinders as well as 
the ﬂow structure and the forces on the DC. Based on the 
power spectral analysis results of hotwire-measured stream-
wise velocities, one and two Strouhal peaks were reported 
for the UC and DC, respectively. For the DC, the ﬁrst peak 
frequency was equal to that of the UC, the second peak fre-
quency was always lower and ascribed to the vortex shed-
ding for the DC. The UC wake narrows with decreasing d/D 
(Fig. 3a–e). Through wavelet analysis and visualizations, it 
was shown that the vortex shedding frequency from the DC 
is intermittently locked-in to that of the UC (Fig. 3f, g). This 
phenomenon was hence termed “intermittent lock-in” (Alam 
and Zhou 2008). With d/D decreasing, the Strouhal numbers 
of the UC and DC varied oppositely, declining and growing, 
respectively. Particularly at d/D = 0.6, the UC shedding fre-
quency was exactly twice the DC, which was a subharmonic 
lock-in (Alam and Zhou 2008). Note that their work was 
limited to L/d = 5.5, Re = 450 and 2.72 × 104 and d/D = 0.24, 
0.4, 0.6, 0.5 and 1.0. The resolution in d/D seems course 
to provide more details on the subharmonic lock-in. Their 
constrained initial conditions and observations lead to a very 
important question: are the lock-in and subharmonic lock-in 
dependent on L/d, d/D and Re? Furthermore, investigations 
for a large L/d (e.g. > 7) are scarce.
The present work aims to perform an investigation of 
tandem cylinders (d/D = 0.25, 0.5, 0.55, 0.6, 0.65, 0.7, 0.8 
and 1.0) for large L/d = 5.5–20 and Re = 0.8 × 104–2.42 × 104, 
examining the inﬂuence of L/d and Re on the vortex shed-
ding frequency, ﬂow structure, ﬂuid forces, and subhar-
monic lock-in. The d is varied while D is kept ﬁxed, so that 
d/D varies from 0.25 to 1.0. Hotwire, load cell, and parti-
cle image velocimetry (PIV) measurement techniques are 
employed to measure shedding frequency, forces, and ﬂow 
ﬁeld, respectively.
2  Experimental setup
2.1  Wind tunnel and cylinder models
Experiments were performed in a wind tunnel with a 
2.0-m-long test section of 0.3 m in width and 0.3 m in 
height. The free stream velocity was U∞ = 6–18 m/s, cor-
responding to Re (≡ U∞D/ν) = 0.8 × 10
4–2.42 × 104, where
ν is the kinematic viscosity of air. The turbulence intensity 
was less than 0.4% in this U∞ range. The U∞ was measured 
using a pitot-static tube connected to a micro-manometer 
(Furness FCO510, 0–20 mm  H2O, 0–18 m/s), with an uncer-
tainty of less than 2%. The downstream cylinder diameter D 
was ﬁxed at 20 mm, while the upstream cylinder diameter 
d was changed as d = 5, 10, 11, 12, 13, 14, 16, and 20 mm, 
resulting in diameter ratios d/D = 0.25, 0.5, 0.55, 0.6, 0.65, 
0.7, 0.8 and 1.0, respectively. The L/d was systematically 
varied as 5.5, 10, 15 and 20. The cylinders were spanned the 
full width of the working section, resulting in a maximum 
blockage ratio of 6.7% based on D and a minimum aspect 
ratio (AR) of 15. Given that the aspect ratio is relatively high 
and force measurement is carried out by a load cell mounted 
at one end of the cylinder, no end plates were used. The 
minimum distance between the center of the downstream 
cylinder to the end of the test section is 960 mm (48D) in the 
case of (d/D, L/d) = (1.0, 15). This distance is long enough 
for the wake to develop (Lau et al. 2004; Assi et al. 2010). 
A schematic diagram of the cylinder arrangement is given in 
(a) d/D = 1.0
(b) d/D = 0.8
(c) d/D = 0.6
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Fig. 3  a–e Photographs of the gap ﬂow with change in d/D at 
L/d = 5.5. f, g Distinct ﬂow structures at diﬀerent instants behind 
the downstream cylinder at d/D = 0.4, showing intermittent lock-in. 
Low-frequency vortices generated by the downstream cylinder in (f) 
and high-frequency vortices generated by the downstream cylinder 
(x/D < 5) in (g). Alam and Zhou (2008)
Fig. 4. Two Cartesian coordinate systems are employed such 
that the origins are at the centers of the UC and DC, with 
x- and y-axis along the streamwise and lateral directions, 
respectively (Fig. 4b).
2.2  Shedding frequency measurement
Two single tungsten hotwires (HT1 and HT2), placed in 
the gap (xƍ/d = 2.0, yƍ/d = − 1.0) between the cylinders
and behind (at x/D = 4.0, y/D = 1.0) the DC, respectively, 
were used to measure the streamwise velocity ﬂuctuations 
u1 and u2 (Fig. 4a, b). The hotwires (Pt-10% Rh, Dantec 
55P01) were each 0.5 µm in diameter and 1.25 mm in length. 
The hotwire probe holder was placed perpendicular to the 
wake-centerline plane to minimize the disturbance to the 
ﬂow (Alam and Zhou 2007; Alam et al. 2010). The sig-
nals were captured at a sampling frequency 1.5 kHz over 
a sampling duration of 30 s (Wang et al. 2017). The power 
spectral density functions Eu1 and Eu2 of u1 and u2 were 
calculated using fast Fourier transform (FFT) from which 
vortex shedding frequencies were extracted. A 16-channel 
analogue/digital board was used to acquire the hotwire sig-
nals. A low-pass ﬁltering (cut-oﬀ frequency 1.0 kHz) and 
ampliﬁcation were applied to the analogue signals before 
digitization. The power spectral density functions were 
determined based on the average of 10 runs, each with  212 
samples. The frequency resolution in the power spectra was 
0.36 Hz, resulting in an uncertainty of approximately ± 3% 
in the estimate of St in an isolated single cylinder wake.
2.3  Flow ﬁeld measurements
Particle image velocimetry (PIV) and smoke visualization 
measurements were also conducted in the same wind tunnel. 
A Dantec high-frequency PIV system (Litron LDY 304-PIV, 
Nd: YLF, maximum triggering frequency is 727 Hz for dou-
ble frames) was used to measure the ﬂow velocities in the 
gap and near wake in the (x, y) plane. The cylinder surface 
and the tunnel wall hit by the laser sheet were painted black 
to minimize reflection noises. The flow was seeded by 
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Fig. 4  a Sketches of the cylinders and positions of the hotwires in wind tunnel. b Side view showing the positions of the hotwires. c Sketch of 
the force measurement setup
particles, generated from paraﬃn oil using a TSI 9307-6 
particles generator, with a particle size of about 1.0 µm in 
diameter. Flow illumination was provided by two pulse laser 
sources of a 527 nm wavelength, each with a maximum 
energy output of 30 mJ per pulse. One CCD camera (Phan-
tomV641, double-frame, with a resolution of 2560 × 1600 
pixels) was used to capture particle images. A Dantec timer 
box 80N77 was used to synchronize laser pulses and particle 
images. In image processing, an adaptive PIV method 
with an interrogation window of 32 × 32 pixels was used 
with 50% overlap in each direction. There were 800 images 
captured for each (d/D, L/d) to estimate time-mean stream-
wise velocity ( ̄u ) and r.m.s. velocity (urms). The progres-
sively ū and urms at the point corresponding to the shear layer 
roll-up position, where urms is maximum, were conﬁrmed to 
approach their asymptotic values when the number of 
images reached 500 (Alam et al. 2011). The ū and urms at a 
given position are obtained as ū =
1
N
∑N
i=1
u
i
 and 
u
rms
=
√
1
N
∑N
i=1
(u
i
− ū)
2 , respectively, where N is the num-
ber of data samples and u
i
 is the velocity value for a sample 
i. The normalized ū and urms are represented as ū
∗ = ū/U∞ 
and u∗
rms
 = urms/U∞, respectively. In this paper, the asterisk 
denotes normalization by D and/or U∞. In the uncertainty 
measurements of mean and r.m.s. velocities, 2000 images 
(samples) were captured for the single cylinder. The progres-
sive averaged and r.m.s. values of the streamwise velocity at 
the point corresponding to the shear-layer rolling position 
(maximum u∗
rms
 ) indicated that the ū∗ and u∗
rms
 approached 
their asymptotic values when the sample size is about 500. 
The moving averaged data with a running sample of 500 
showed an uncertainty of ± 2.8% for ū∗ and ± 3.3% for u∗
rms
.
2.4  Force measurements
A three-component load cell (Minebea MX020-10N-S02, 
10N) was installed at the upper end of the DC to measure 
the ﬂuid forces. To avoid the gravity force, the cylinders are 
installed vertically so that there is a 2–3 mm gap between 
the DC edge and the wind tunnel wall (Fig. 4c). The load 
cell was bolted tightly on a stainless steel block (Fig. 4c). 
To avoid the eﬀect of wind tunnel vibration on the measure-
ments, the load cell holder was mounted on an external rigid 
frame detached from the wind tunnel. The external frame 
was made of aluminium bars, with four (two on each side of 
the tunnel) supporting legs ﬁxed on the ground. The rigidity 
of the frame was further increased by adding cross bars on 
the supporting legs. Before conducting extensive force meas-
urements by the load cell system, the signal of the lift force 
on the cylinder mounted on the frame was captured and its 
power spectrum was made. The power spectrum displayed a 
sharp peak corresponding to the vortex shedding frequency; 
no other frequencies were detected, conﬁrming that vibra-
tion of the external frame is negligible.
The load cell measures instantaneous integral ﬂuid forces 
acting on the length of the cylinder exposed in the wind tun-
nel. The load cell was calibrated using dead weights before 
the measurement campaign. The time-mean drag coeﬃcient 
CD, ﬂuctuating drag coeﬃcient C
′
D
 , and ﬂuctuating lift coef-
ﬁcient C′
L
 were estimated as C
D
=
FD
0.5휌U2
∞
L0D
 , C′
D
=
F
′
D
0.5휌U2
∞
L0D
and C′
L
=
F
′
L
0.5휌U2
∞
L0D
 , where FD, F
′
D
and F
′
L
 , are the time-aver-
aged drag, ﬂuctuating (r.m.s.) drag, and ﬂuctuating (r.m.s.) 
lift forces, respectively, on the length L0 of the cylinder 
exposed in the wind tunnel. To estimate uncertainties in the 
measurement of CD, the load cell signal was captured for 
about 5 min, corresponding to 450,000 samples for a single 
cylinder at Re = 1.6 × 104. Then, the moving average of the 
data series was conducted with a running sample size of 
45,000 that was the sample size for the estimate of CD. The 
distr ibut ion of  the 405,000 sample averages 
(= 450,000–45,000) was obtained and the corresponding 
standard deviation (σ) was approximately 1.3% of the mean 
value. The value of 2σ, which corresponds to a 95% conﬁ-
dence level, was taken as the measurement uncertainty, i.e., 
the uncertainty of the data from the mean is ± 2.6% for CD. 
The same technique was employed to estimate the uncertain-
ties in C′
D
 , C′
L
 , and Uf, which were ± 3.7, ± 3.1, and ± 2%,
respectively.
2.5  Force and Strouhal number measurement 
validations
Before conducting extensive measurements for the two-
cylinder case, we measured forces and Strouhal number of 
a single isolated cylinder to validate the measurements from 
the load cell and hotwire anemometers. Norberg (1994) pre-
sented a compilation of St as a function of Re from selected 
experiments and numerical simulations. A comparison 
is made in Table 1 of our Strouhal number St (= fvD/U∞) 
results with those from Norberg’s compilation, where fv 
is the vortex shedding frequency. The present results are 
slightly higher than Norberg’s (1994), both results hav-
ing the same trend, decreasing with Re. The higher values 
Table 1  Comparison of St between the present study  and Norberg’s 
(1994)
Re St
Present Norberg (1994)
0.8 × 104 0.210 0.205
1.6 × 104 0.208 0.199
2.24 × 104 0.206 0.194
obtained presently can be attributed to the higher turbulence 
intensity (= 0.4%) in the present experiment compared to 
that (< 0.06%) in Norberg’s.
Similarly, Table 2 compares CD, C
′
D
 , and C′
L
 with those
reported in West and Apelt (1993, 1997) for the same aspect 
ratio and similar blockage ratio (6%) at Re = 2.42 × 104. The 
present CD and C
′
L
 are lower than West and Apelt’s, both by
0.03, while the present C′
D
 is higher by 0.024. The diﬀer-
ence, albeit small, could be attributed to the experimental 
uncertainties, experimental conditions, and measurement 
techniques. In the experiment by West and Apelt, end plates 
were used, the cylinder had an aspect ratio of 10, and forces 
were measured using pressure taps on the circumference of 
the cylinder. A fairly good agreement is found between the 
two sets of results.
3  Results and discussion
3.1  Vortex shedding frequencies
Figures 5, 6 and 7 show the power spectral density functions 
Eu1 (dotted red line) and Eu2 (solid black line) at d/D = 1.0, 
0.8, 0.65, 0.6 and 0.25 for L/d = 5.5–20 and Re = 0.8 × 104, 
1.61 × 104, and 2.42 × 104. As mentioned in Sect. 2, the Eu1
and Eu2 provide information on the shedding frequencies 
of the UC and DC, respectively. The Fourier frequency in 
the horizontal axis is normalized based on Uf and D. The 
St values are marked in the ﬁgures. Let us ﬁrst examine the 
case of d/D = 1.0 (Fig. 5a, b, c). At L/d = 5.5, a single pro-
nounced peak emerges in Eu1 for all Re. The corresponding 
Table 2  Comparison of force coeﬃcients between the present study 
and West and Apelt’s (1993, 1997) at Re = 2.42 × 104
Force coeﬃcients West and Apelt Present
CD 1.14 1.11
C
′
D
0.064 0.088
C
′
L
0.342 0.310
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Fig. 5  The power spectral density functions Eu1 (dotted red line, 
HT1) and Eu2 (solid black line, HT2) for various Re and L/d. 
a–c d/D = 1; d–f d/D = 0.8. First, second and third columns for 
Re = 0.8 × 104, 1.61 × 104 and 2.42 × 104, respectively. The horizontal 
axis is the normalized Fourier frequency f* = fD/U∞. The St values, 
corresponding to the peaks are marked in each power spectrum
St slightly increases with increasing L/d, regardless of Re. At 
the largest L/d (= 15) where the UC may not be inﬂuenced 
by the DC, the St of the UC decays slightly from 0.21 to 
0.206 as Re increases from 0.8 × 104 to 2.42 × 104. A single 
isolated cylinder St in the subcritical regime is the maximum 
of 0.212 at Re = 0.2 × 104, decreasing to 0.19 at Re = 4 × 104 
(Zdravkovich 1997). That is, the decrease in St of the UC 
follows that of the single cylinder, the UC behaving like an 
isolated cylinder at L/d = 15.
For the DC, one peak is identiﬁable at L/d = 5.5, pre-
vailing at the same frequency as measured for the UC. The 
occurrence of this peak is ascribed to the lock-in of the DC 
shedding with the UC (Alam and Zhou 2008). The convec-
tive vortices from the UC trigger the vortex shedding from 
the DC, which results in the lock-in. At L/d = 10, two St(s) 
are observed, one is identical to that of the UC, and the 
other is smaller (St = 0.137–0.15, depending on Re), sug-
gesting an intermittent lock-in of the DC shedding with the 
UC. The duration of the lock-in occurrence is perhaps short, 
as the associated peak is small. At L/d = 15, only one St is 
identiﬁed, nestling at St = 0.151–0.161 depending on Re. The 
corresponding peak becomes sharper than that at L/d = 10. 
The lock-in is absent for L/d = 15. The absence of lock-in for 
a larger L/d can be explained as that the UC vortices decay-
ing downstream become very weak before reaching the DC, 
failing to trigger the DC vortex shedding. This observation 
suggests that there exists a critical spacing beyond which the 
UC fails to trigger the vortex shedding from the DC.
Now let us see St characteristics of the two cylin-
ders when d/D ≠ 1.0. Figure  5d–f is for d/D = 0.8  at 
Re = 0.8 × 104, 1.61 × 104, and 2.42 × 104, respectively. 
Identiﬁed are one single St for the UC and two St(s) for 
the DC at L/d = 5.5. The lower St peak of the DC is more 
dominant than the higher. The higher St of the DC is, how-
ever, the same as that of the UC, indicating an intermittent 
lock-in of the DC vortex shedding to the UC. When the 
spacing is increased to L/d = 10–20, the higher St peak for 
the DC vanishes, where the two cylinders shed vortices 
individually, no lock-in taking place. Compared to d/D = 1 
counterparts, (1) the St of the UC is enlarged at d/D = 0.8, 
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Fig. 6  The power spectral density functions Eu1 (dotted red line) and 
Eu2 (solid black line) for various Re and L/d. (a, b, c) d/D = 0.65; 
d–f d/D = 0.60. First, second and third columns for Re = 0.8 × 104, 
1.61 × 104 and 2.42 × 104, respectively. The horizontal axis is the nor-
malized Fourier frequency f* = fD/U∞. The St values, corresponding 
to the peaks, are marked in each power spectrum
and (2) the peak for the DC is clearer at all Re and L/d. 
One may wonder why St of the UC at d/D = 0.8 is larger 
than that at d/D = 1.0. Since the UC diameter is now small, 
i.e., d = 0.8D, its shedding frequency is higher, given the
same incident ﬂow velocity. Power spectral characteristics 
at d/D = 0.7 were similar to those at d/D = 0.8, hence not 
presented.
The spectral characteristics at d/D = 0.65 and 0.60 (Fig. 6) 
bear some distinct features from and some similarities to 
those at d/D = 0.8. The similarities are that the St(s) of the 
two cylinders are diﬀerent from each other, the UC having 
a higher St than the DC. The St peak of the UC is more pro-
nounced than that at d/D = 0.8. The distinct features here are 
that, except for d/D = 0.65, Re = 2.42 × 104 (Fig. 6c), (1) St of 
the UC jumps between L/d = 5.5 and 10, becoming weakly 
sensitive to a further increase in L/d (= 10–20), (2) between 
the same L/d (= 5.5 and 10), the jump for the DC is insig-
niﬁcant, and (3) St of the DC is nearly half (= 0.48–0.52, 
lying within the uncertainty due to the frequency resolu-
tion in power spectra) that of the UC for L/d = 10–20. The 
observation points to a subharmonic lock-in of the shedding 
from the two cylinders. For d/D = 0.65, Re = 2.42 × 104, a 
jump in St is absent and the ratio of the St of the DC to the 
UC is not half, hence subharmonic lock-in does not occur. 
The lock-in thus sustains itself for d/D = 0.65, L/d = 10–20, 
Re = 0.8 × 104–1.61 × 104, and for d/D = 0.65, L/d = 10–20, 
Re = 0.8 × 104–2.42 × 104. The subharmonic lock-in was not 
identiﬁed for d/D = 0.55 and 0.50, the results are, therefore, 
not presented here.
A diﬀerent scenario emerges for d/D = 0.25 (Fig. 7). 
The St(s) of the two cylinders are identical at L/d = 5.5 
and diﬀerent from each other for L/d = 10–20. The physics 
of the identical St for d/D = 0.25, L/d = 5.5, however, dif-
fers from that for d/D = 1.0 or 0.8, L/d = 5.5. It was found 
that the shear layers separating from the UC reattach on 
the DC for d/D = 0.25, L/d = 5.5, leading to a reattachment 
ﬂow. Wang et al. (2017) examined the ﬂow structures for 
d/D = 0.2–1.0 at Re = 4.27 × 104, L/d < 8 and found that while 
the critical spacing separating the reattachment and coshed-
ding ﬂows is L/d = 2.5 for d/D = 1.0, it grows to L/d = 6.5 for 
d/D = 0.2. They connected the critical L/d to dependence on 
Re of vortex formation length of a single cylinder, given the 
upstream cylinder behaving almost like an isolated single 
cylinder. Alam and Zhou (2008), however, obtained coshed-
ding ﬂow for d/D = 0.24 and L/d = 5.5. The diﬀerence could 
be attributed to a slightly higher turbulent intensity appear-
ing in Alam and Zhou’s measurement.
Depending on d/D and L/d, ﬁve scenarios are recognized, 
namely lock-in, intermittent lock-in, no lock-in, subharmonic 
lock-in and shear-layer reattachment. Their dependence on 
d/D and L/d can be illustrated in Fig. 8. The border between 
diﬀerent regimes is identiﬁed with the midpoint between 
two adjacent measurement grid points where one scenario 
was found to change to another. The lock-in and reattach-
ment regimes prevail at a small L/d (< 8) with a large (> 0.9) 
and a small (< 0.35) d/D, respectively (Fig. 8). When the 
d/D is large (> 0.9) and L/d is small (< 8), the gap vortices 
can trigger the vortex shedding from the DC, leading to a 
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Fig. 7  The power spectral density functions Eu1 (dotted red line) and 
Eu2 (solid black line) for d/D = 0.25. First, second and third columns 
for Re = 0.8 × 104, 1.61 × 104 and 2.42 × 104, respectively. The hori-
zontal axis is the normalized Fourier frequency f* =  fD/U∞. The St 
values, corresponding to the peaks, are marked in each power spec-
trum
lock-in. An increase in L/d leads to an intermittent lock-in 
(5.5-8 < L/d < 12.5, depending on d/D) followed by no lock-
in (L/d > 12.5). At L/d > 12.5, the gap vortices weaken before 
reaching the DC, failing to trigger the shedding from the DC. 
The St(s) of the two cylinders become diﬀerent, no lock-
in. As expected, the intermittent lock-in regime takes place 
at the border between lock-in and no lock-in regimes. The 
subharmonic lock-in regime appears at 0.57 < d/D < 0.67, 
L/d ≥ 8 for Re = 0.8 × 104 and 1.61 × 104, getting narrow and 
elongated for Re = 2.42 × 104. The similarity in ﬂow regimes 
between Re = 0.8 × 104 and 1.61 × 104 might be connected to 
the fact that a single cylinder St is also less sensitive to Re in 
the range Re = 103–104 and more sensitive to Re for Re > 104 
(Zdravkovich 1997). As such, the vortex formation length of 
a single cylinder is about 2.5D for Re = 103–104 and declines 
from 2.5D to 0.75D when Re is increased from  104 to 4 × 104 
(Zdravkovich 1997; Wang et al. 2017).
3.2  Strouhal number
The examination of the evolution of St of the two cylinders 
with L/d and d/D may provide a clearer picture of how the 
UC aﬀects the DC vortex shedding frequency and vice 
versa. Figure 9 shows contour plots of St, as a function of 
L/d and d/D, of the UC (ﬁrst row) and the DC (second row) 
at Re = 0.8 × 104, 1.61 × 104 and 2.42 × 104. Let us ﬁrst dis-
cuss St of the UC. The lowest St (≈ 0.20–0.22) is recorded 
in the lock-in and intermittent lock-in regimes. At a given 
L/d in no lock-in regime, the St augments with decreasing 
d/D, reaching about 0.85 at d/D = 0.25, L/d > 10. The aug-
mentation is higher for smaller d/D, in the regime below 
the subharmonic regime. The reattachment regime cor-
responds to a small St where the DC is within the vortex 
formation region of the UC and a cavity ﬂow appears in 
the gap between the cylinders. With L/d increasing from 
the reattachment regime, St swells as the DC gets out of 
the UC cavity. In the subharmonic regime, the St is fairly 
constant, ≈ 0.33. A contour line becomes approximately 
horizontal at L/d > 15, implying that the inﬂuence of the 
DC on the UC is insigniﬁcant, the UC essentially being 
an isolated cylinder.
For the DC (Fig. 9d–e), the scale in the color code bar 
is made diﬀerent from that for the UC because the range of 
St is much smaller for the DC than for the UC. The St of 
the DC is smaller than that of an isolated cylinder except 
at the reattachment regime where St is almost equal to a 
single cylinder St. Even at the largest L/d = 20 examined, 
the St is 10–25%, depending on d/D, smaller than that of 
an isolated cylinder. The observation suggests the DC ﬂow 
is still substantially inﬂuenced by the UC. The lowest St 
prevails in intermittent lock-in regime. At a given L/d, the 
St enlarges with decreasing d/D as a decreased d/D yields 
less shielding and hence a greater velocity in the shear layer 
of the DC which will be discussed later. In the subharmonic 
lock-in regime, St, close to 0.165, is relatively less sensitive 
to L/d because the DC St is linked to the UC St (≈ 0.33, by a 
factor of 0.5) that does not vary much with L/d (> 10) in the 
subharmonic lock-in regime.
Fig. 8  Map of ﬂow regimes in 
d/D-L/d plane. a Re = 0.8 × 104, 
b Re = 1.61 × 104 and c 
Re = 2.42 × 104. The symbols in 
ﬁgures denote the measurement 
points. Open square, reattach-
ment regime; open revert trian-
gle, no lock-in and intermittent 
lock-in regimes; ﬁlled triangle, 
subharmonic lock-in regime; 
ﬁlled square, lock-in regime
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3.3  Flow ﬁelds and wake
In the previous section, it is identiﬁed that both d/D and L/d 
albeit impact on St, the impact of d/D comes into being in 
a greater scale than that of L/d. It is thus worthy investigat-
ing how d/D inﬂuences the ﬂow ﬁeld. Contours of time-
mean streamwise velocity ū∗(= u∕U∞) are shown in Fig. 10
for the gap and the wake at Re = 1.61 × 104. Three diﬀerent 
d/D = 1.0, 0.6, and 0.25 at the same L/d = 5.5 are consid-
ered, corresponding to lock-in, no lock-in and reattachment 
regimes, respectively. This will explicate the information 
about the dependence of d/D on the ﬂow ﬁeld. On the other 
hand, to ﬁnd the inﬂuence of L/d on the ﬂow, L/d = 10 at 
d/D = 0.6 is chosen, lying in the subharmonic regime. A 
single cylinder ﬂow ﬁeld is also shown for a comparison 
purpose. The region enclosed by ū∗ = 0 is called recircula-
tion bubble.
Let us ﬁrst examine the d/D eﬀect. Obviously, the lat-
eral width of the free shear layers in the gap narrows with 
decreasing d/D. The shear layer reattachment for d/D = 0.25 
renders strong recirculation in the gap. The streamwise 
length of the UC recirculation bubble elongates with d/D 
decreasing from 1.0 to 0.6 (Fig. 10a, b), explaining why the 
UC St boosts with decreasing d/D. For the DC, the bubble 
elongates from d/D = 1.0 to 0.6 (Fig. 10a, b) and shrinks 
from d/D = 0.6 to 0.25 (Fig. 10b, c). The velocity recovery 
rate diﬀers signiﬁcantly with d/D, a higher recovery occur-
ring for a smaller d/D. This is due to a fact that a smaller UC 
renders a less shielding eﬀect on UC. A comparison between 
Fig. 10b, d indicates that an increase in L/d (1) results in the 
recirculation shrinking for the DC, (2) a greater approaching 
ﬂow in the gap, and (3) a higher velocity recovery in both 
gap and wake. The velocity recovery in the DC wake for any 
d/D is slower than that in the single cylinder wake, implying 
that the DC is yet substantially inﬂuenced by the UC.
The lateral width h* (= h/D) between the two UC free 
shears (Fig. 10a–d) can be quantiﬁed as lateral separation 
between the two peaks in the proﬁle of dū∗/dy∗ vs y* at 
xƍ* = 0.6 (Roshko 1954; Balachandar et al. 1997). Figure 11a
displays the dependence of h* on d/D. The h* varies linearly 
with d/D, a smaller d/D corresponding to a smaller h*. This 
explains why the St of the UC increases with d/D decreasing 
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Fig. 9  Contour plots showing the dependence on L/d and d/D of 
Strouhal number St of the upstream cylinder (ﬁrst row) and down-
stream cylinder (second row). a, d Re = 0.8 × 104, b, e Re = 1.61 × 104 
and c, f Re = 2.42 × 104. Data for L/d = 20 and d/D = 1.0 were not 
measured, the upper right corner is, therefore, blank
Fig. 10  Contours of time-mean streamwise velocity u* at 
Re = 1.61 × 104. a d/D = 1.0, L/d = 5.5, b d/D = 0.60, L/d = 5.5, c 
d/D = 0.25, L/d = 5.5, d d/D = 0.60, L/d = 10, and e single cylinder. 
The solid and dashed lines represent positive (≥ 0) and negative (< 0) 
contour levels, respectively. The contour increment is 0.05
(Fig. 9). The change in L/d from 5.5 to 10 for d/D = 0.6 does 
not lead to an appreciable departure. The h* may also inﬂu-
ence the ﬂow around the DC, hence drag coeﬃcient. The 
characteristics of the ﬂow around the DC can be quantiﬁed 
as the averaged approaching ﬂow velocity ū∗
app
( = ∫ 0.5
−0.5
ū∗dy∗ ) 
measured at x* = − 0.6 and the averaged shear layer velocity 
ū
∗
sh
( = ∫ 1.5
0.5
ū∗dy∗ ) measured at x* = 0.6. The dependence of 
ū
∗
app
 and ū∗
sh
 on d/D is presented in Fig. 11b. Interestingly, 
d/D has a profound eﬀect on ū∗
sh
 but less on ū∗
app
 . The ū∗
sh
boosts with decreasing d/D. On the contrary, L/d has a sub-
stantial inﬂuence on ū∗
app
 but not on ū∗
sh
 (compare the solid 
and open symbols), ū∗
app
 for d/D = 0.6 increasing from 0.49 
to 0.64 as L/d increases from 5.5 to 10. Since ū∗
sh
 is largely 
connected to St, the invariance of ū∗
sh
 between L/d = 5.5 and 
10 for d/D = 0.6 is consistent with that of St. Both ū∗
app
 and 
ū
∗
sh
 may play a role in determining C
D
 , which will be dis-
cussed later.
Figure 12 shows ﬂuctuating (r.m.s.) streamwise velocity 
u
∗
rms
(= u
rms
∕U∞) for the same d/D and L/d as in Fig. 10. Two 
u
∗
rms
 peaks behind each cylinder indicate the rolling positions 
of the shear layers. The lateral separation between the two 
peaks and their streamwise distance from the cylinder center 
are thus deﬁned as the wake width and vortex formation 
length, respectively (Bloor 1964; Gerrard 1966; Griﬃn and 
Ramberg 1974; Roshko 1993). The maximum u∗
rms
 in the UC 
wake decays with decreasing d/D while an opposite scenario 
takes place in the DC wake (Fig. 12a–c). The small u∗
rms
 
distributed along the shear layers in the gap (Fig. 12c) indi-
cates the shear layer reattachment, absence of the alternating 
vortex shedding from the UC. On the other hand, when L/d 
is increased for a given d/D (Fig. 12b, d), maximum u∗
rms
 
increases for the DC but drops for the UC. The wake width 
and formation length of the UC, respectively, shrink and 
enlarge between d/D = 1.0 and 0.6 (Fig. 12a, b), while the 
formation length of the DC grows between the same d/D and 
contracts between d/D = 0.6 and 0.25 (Fig. 12b, c). When 
L/d is increased from 5.5 to 10, the wake width dwindles 
and the formation length elongates, albeit a little, for the 
UC (Fig. 12b, d), both resulting in an increase in St (Fig. 6e) 
as a small wake width and/or a large formation length cor-
responds to a large St (Nakaguchi et al. 1968; Alam et al. 
2011).
3.4  Forces on the downstream cylinder
It is expected that the forces on the DC are sensitive to d/D 
and L/d, while those on the UC are not much (Zhou and 
Alam 2016). Figure 13 shows variations in CD, C
′
D
 and C′
L
 as
a function of d/D and L/d at Re = 1.61 × 104. A strong cor-
relation between CD and d/D or L/d is observed. For a given 
L/d, CD boosts with decreasing d/D. An increase in CD also 
occurs when L/d is increased for a given d/D. That is, an 
increase in L/d or a decrease in d/D leads to an augmentation 
in CD. How L/d and d/D inﬂuence the ﬂow is, however, dif-
ferent from each other. A smaller d/D means a narrower h* 
and a greater ū∗
sh
 (Fig. 11). The augmentation in CD with 
decreasing d/D is thus caused by the increased ū∗
sh
 (Roshko 
1954). The higher the ū∗
sh
 and/or ū∗
app
 , the larger the C
D
 . On 
the other hand, a longer L/d allows a greater ū∗
app
 (Fig. 11), 
which results in CD increasing with L/d. At the largest L/d 
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Fig. 11  Dependence on d/D of a lateral distance h* (= h/D) between 
the upstream-cylinder free shear layers measured at x’* = 0.6, and b 
average approaching velocity ū∗
app
 over y* = − 0.5 ~ 0.5 at x* = − 1.0 
and average shear layer velocity ū∗
sh
 over y* = 0.5 ~ 1.5 at x* = 0.6. 
The open and solid symbols stand for L/d = 5.5 and 10, respectively. 
Re = 1.61 × 104
Fig. 12  Contours of ﬂuctuating (r.m.s.) streamwise velocity u∗
rms
 at Re = 1.61 × 104. a d/D = 1.0, L/d = 5.5, b d/D = 0.60, L/d = 5.5, c d/D = 0.25, 
L/d = 5.5, d d/D = 0.60, L/d = 10, and e single cylinder. The contour increment is 0.02
(= 20) and smallest d/D (= 0.25) examined, CD is the largest 
(= 0.92), but still smaller by 17%, compared to that of an 
isolated cylinder (CD = 1.11). Oppositely, the lowest CD 
(= 0.55) occurs at d/D = 1, L/d = 5.5. A relatively large 
increase in CD is observed for d/D = 1.0 between L/d = 5.5 
and 10, concomitant with the change in lock-in to no lock-in. 
Interestingly, the recovery of CD with increasing L/d is 
smaller for d/D ≈ 0.6–0.65, corresponding to the subhar-
monic lock-in.
In general, C′
D
 and C′
L
 increase with L/d, albeit rather rap-
idly for L/d ≥ 10, particularly for d/D > 0.5. The increase is 
largely due to the DC vortex shedding enhancing with L/d, 
consistent with the associated peak heightening with L/d 
(Fig. 5). The ū∗
app
essentially contributes to strengthening the 
vortex shedding (Fig. 11). On the other hand, C′
D
 and C′
L
 both 
decline with decreasing d/D because of a weaker impinge-
ment of small vortices shed from the smaller diameter cyl-
inder. Table 3 displays numerical data of CD, C
′
D
 and C′
L
 , and
a comparison is made incorporating data from Igarashi 
(1981), Kitagawa and Ohta (2008) and Cooper (1974) for 
similar conﬁgurations and Re. For d/D = 1.0, the present CD 
at L/d = 15 agrees with that at L/d = 19.7 by Cooper (1974), 
given that the eﬀect of L/d on CD is small for L/d > 10. Iga-
rashi’s (1981) and Kitagawa and Ohta’s (2008) CD at 
L/d = 4.5 are overestimated and underestimated, respectively, 
compared to the present CD at L/d = 5.5.
4  Conclusions
We examined the influence of the diameter ratio d/D 
(= 0.25–1.0), spacing ratio L/d (= 5.5–20) and Reynolds 
number Re (= 0.8 × 104–2.42 × 104) on the ﬂow structure, 
Strouhal number St and forces. The other parameters inves-
tigated are power spectral density functions, time-mean 
streamwise velocity ū∗ , fluctuating (r.m.s.), streamwise 
velocity u∗
rms
 , the lateral distance h* between the UC free 
shear layers, average approaching velocity ū∗
app
 , and average 
shear layer velocity ū∗
sh
 . The investigation leads to the fol-
lowing conclusions.
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Fig. 13  Dependence on L/d and d/D of the force coeﬃcients of the 
downstream cylinder at Re = 1.61 × 104. a Time-mean drag coeﬃcient 
CD, b ﬂuctuating lift coeﬃcient C
′
L
 , c ﬂuctuating drag coeﬃcient C′
D
 .
Data for L/d = 20 and d/D = 1.0 were not measured, the upper right 
corner is, therefore, blank
The ﬂow around the cylinders depends on both d/D and 
L/d, classiﬁed into ﬁve regimes, namely lock-in, intermit-
tent lock-in, no lock-in, subharmonic lock-in and shear-layer 
reattachment regimes. While the lock-in regime occurs at 
large d/D > 0.9, the reattachment regime takes place at small 
d/D < 0.35, both for small L/d < 8. The former regime is 
characterized by the DC vortex shedding triggered by the 
UC. On the other hand, the latter features reattachment of 
the UC shear layers on the DC. The St of a cylinder is thus 
identical to that of the other for both regimes. The intermit-
tent lock-in regime (5.5–8 < L/d < 12.5, 0.7–0.9 < d/D < 1.0) 
prevails between the lock-in and no lock-in regimes, char-
acterized by two St for the DC and one St for the UC. In the 
no lock-in regime (L/d > 5.5–12.5, depending on d/D), the 
St of the DC diﬀers from that of the UC, St being larger for 
the UC than for the DC. The subharmonic lock-in regime 
appears at 0.57 < d/D < 0.67, L/d > 8 for Re = 0.8 × 104 and 
1.61 × 104, getting narrow and elongated for Re = 2.42 × 104. 
The value of the DC St is half that of the UC.
At a given L/d, the St of the UC swells with decreasing 
d/D, from St = 0.2 to 0.85 when d/D decreasing from 1.0 to 
0.25 (L/d > 10). The swelling is attributed to a smaller h* 
for a smaller d/D. While the smallest St for the UC appears 
in the lock-in regime, the largest St for the DC prevails for 
reattachment regime. With L/d increasing from the reat-
tachment regime, the St contracts for the DC but enhances 
for the UC. The enhancement is accompanied by a small 
wake width and/or a large formation length. In general, 
at a given L/d, the St of DC grows with decreasing d/D, 
caused by the increased ū∗
sh
 . The St of the DC at the largest 
L/d = 20 examined is 10–25%, depending on d/D, smaller 
than that of an isolated cylinder, the DC ﬂow being yet 
substantially inﬂuenced by the UC.
Following St, forces are also highly dependent on L/d 
and d/D. A decrease in d/D or an increase L/d yields a rise 
in CD. While the rise in CD with decreasing d/D results 
from the increased ū∗
sh
 , that with increasing L/d is caused 
by a greater ū∗
app
 . The lowest value of the CD (= 0.55) 
appears at d/D = 1.0, L/d = 5.5 while the largest value of 
CD (= 0.92) emerges at d/D = 0.25, L/d = 20, still smaller 
by 17%, compared to that of an isolated cylinder 
(CD = 1.11). In general, an increase in L/d goes with C
′
D
and C′
L
 increasing, rather rapidly for L/d > 10, d/D > 0.5. 
An increased ū∗
app
 essentially contributes to the increased 
C
′
D
 and C′
L
 . A decrease in d/D results in C′
D
 and C′
L
 both 
declining because of the generation of smaller vortices 
from the smaller diameter cylinder.
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